
• Model Hamiltonian for N ↑ fermions and 1↓ particle at x0 

• In the TG limit, there are N+1 degenerate states, 
corresponding to the number of unique configurations of 
the impenetrable particles. The simplest is the fully 
ferromagnetic state with spin 

• We construct the remaining states with                             as 
superpositions of basis functions where we replace 1,…,N 
zero-crossings with cusps when the impurity exchanges 
position with a majority particle. Basis functions for N=3: 

Strong-coupling ansatz for the 
 one-dimensional Fermi gas 

 in a harmonic potential

Abstract

Jesper Levinsen 

Monash University, Melbourne 
Collaborators: Pietro Massignan (ICFO), Georg Bruun (Aarhus University), Meera Parish (Monash University)

Effective Heisenberg model

One-dimensional fermions in a 
harmonic potential

References
[1] J. Levinsen, P. Massignan, G. M. Bruun, M. M. Parish, Strong-coupling 
ansatz for the one-dimensional Fermi gas in a harmonic potential, Science 
Advances 1, e1500197 (2015) 
[2] P. Massignan, J. Levinsen, M. M. Parish, Magnetism in strongly interacting 
one-dimensional quantum mixtures, arXiv:1507.02814 
[3]  F. Serwane, G. Zürn, T. Lompe, T. B. Ottenstein, A. N. Wenz, and S. 
Jochim, Deterministic Preparation of a Tunable Few-Fermion System, Science 
332, 336 (2011) 
[4] A. N. Wenz, G. Zürn, S. Murmann, I. Brouzos, T. Lompe, and S. Jochim, 
From Few to Many: Observing the Formation of a Fermi Sea One Atom at a 
Time, Science 342, 457 (2013). 
[5] G. E. Astrakharchik and I. Brouzos, Trapped one-dimensional ideal Fermi 
gas with a single impurity, Phys. Rev. A 88, 021602 (2013). 
[6] A. G. Volosniev, D. V. Fedorov, A. S. Jensen, M. Valiente, and N. T. Zinner, 
Exact solution of strongly interacting confined quantum systems in one 
dimension, Nat. Comm. 5, 5300 (2014) 
[7] F. Deuretzbacher, D. Becker, J. Bjerlin, S. M. Reimann, and L. Santos, 
Quantum magnetism without lattices in strongly interacting one-dimensional 
spinor gases, Phys. Rev. A 90, 013611 (2014) 

The 1D Fermi gas with repulsive contact interactions 
provides an important model of strong correlations and is 
often amenable to exact methods. However, in the presence 
of confinement there is no exact solution for an arbitrary 
number of interacting fermions. We propose [1] a novel 
scheme for generating the lowest-energy wavefunctions of 
the 1D Fermi gas in a harmonic potential near the Tonks-
Girardeau limit. We specialize to the case of a single ↓ 
particle interacting with N ↑ particles. Comparing with 
exact numerics, we show that the wavefunction overlap of 
all states in the ground state manifold obtained with our 
ansatz exceeds 0.9997 for N≤8. Our approximation yields an 
effective Heisenberg model which we solve combinatorially 
for arbitrary N, with a fidelity for the absolute ground state 
extrapolating to 0.9999 as N→∞. The Heisenberg model 
may be extended to an arbitrary number of spin ↑, ↓ 
particles, and to a 2-component Bose gas with resonant 
inter- and intraspecies interactions [2].
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We have furthermore mapped our problem onto an ef-
fective Heisenberg spin chain of finite length and we have
determined the Hamiltonian within which our wavefunc-
tions are formally exact. For N# = 1, the ground-state
wavefunction simply corresponds to a sign-alternating
Pascal’s triangle, i.e., at site i it is proportional to
(�1)i

�
N"
i

�
, with 0  i  N". It follows that the probabil-

ity distribution of the # impurity in the thermodynamic
limit N" ! 1 is a Gaussian only slightly broadened
compared with the probability distribution of the impu-
rity in its non-interacting ground state. However, the
overlap with the non-interacting ground state (i.e., the
impurity residue) tends to zero in the limit N" ! 1,
in accordance with the orthogonality catastrophe [24].
In general, the e↵ective spin model is expected to accu-
rately describe any N#, N", and it can in principle be
solved using numerical methods for lattice systems, like
the density matrix renormalization group [25].

The paper is organized as follows. In Section II we first
discuss the model and the role played by spin. In Section
III we then introduce our approximation scheme. Sec-
tion IV describes how the Hellmann-Feynman theorem
may be applied to solve for the wavefunctions perturba-
tively around the TG limit. In Section V we show how
the problem may be mapped onto an e↵ective Heisenberg
Hamiltonian, and solve the Schrödinger equation exactly
for the ground state manifold of wavefunctions within our
approximation scheme. In Section VI we then consider
the many-body limit, finding the probability distribution
of the impurity for large N" and comparing with that ex-
pected from the local density approximation. In Sec. VII,
we consider experimental probes of the 1D system. In
particular, we discuss how a dynamical SO(2, 1) symme-
try exists at infinite coupling [26]; this leads to a tower
of breathing modes of the harmonically trapped system
with frequency separated by twice that of the trap and
the shift of these away from the TG limit may be pre-
dicted from our spectrum. Finally, in Sec. VIII we con-
clude, showing how our e↵ective Heisenberg model allows
us to obtain the ground state manifold for any number
of ", # particles.

II. MODEL

We consider the 1D Hamiltonian for N + 1 particles
with contact interactions in a harmonic potential

H =
NX

i=0
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+ g
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i<j
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Here, the coupling g quantifies the strength of the short-
range interactions, ! is the harmonic oscillator frequency,
and we assume that all the fermions have the same mass
m. Since H is independent of spin, the eigenstates will
have well defined spin projection Sz = (N" �N#)/2 and
total spin S, where N" +N# = N + 1. In the following,
we use harmonic oscillator units where ! = m = ~ = 1.

In the TG limit, the coupling strength g ! 1 and
the system simplifies significantly due to the form of
the boundary conditions when two particles approach
each other. Specifically, for a given wavefunction  (x),
the infinite repulsion requires limxij!0  (x) = 0, with
xij ⌘ xi � xj the relative coordinate for any pair of
fermions and x = (x0, x1, . . . , xN ). Note that identical
fermions always obey this condition, regardless of the
size of g, due to the antisymmetry of the wavefunction
with respect to exchange of particles. Since all parti-
cles experience the same boundary conditions, it follows
that the ground-state manifold for a system with fixed
Sz contains

�
N"+N#

N#

�
degenerate states, corresponding to

the number of unique configurations of " and # particles.
The simplest eigenstate of the Hamiltonian (1) is the

fully ferromagnetic state, corresponding to the maximum
total spin S = (N+1)/2. In this case, the spin part of the
wavefunction is always symmetric, regardless of Sz, and
thus the wavefunction in real space must be antisymmet-
ric. In other words, the wavefunction takes the form of a
Slater determinant of single-particle harmonic oscillator
wavefunctions, and can be written as follows [27]
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The ferromagnetic state described by Eq. (2) corresponds
to that of N +1 identical fermions, and thus its energy is
E0 =

PN
n=0(n + 1/2) = N(N + 2)/2. Furthermore, this

state is independent of g since the wavefunction antisym-
metry guarantees that it always vanishes when xij ! 0.
For a given Sz, the remaining eigenstates with the same

energy E0 in the TG limit may be characterized by other
S. For instance, for N" = N# = 1, there are two states:
S = 0 and S = 1. However, for general particle number,
spin alone is not su�cient to determine the states with
S < (N + 1)/2, since the degeneracy of the ground-state
manifold is

�
N"+N#

N#

�
whereas the number of di↵erent S

for a given Sz is 1 + min(N", N#). Thus, the structure
of the eigenstates will depend on the harmonic potential
and how the states evolve as g ! 1, as we discuss below.
In the following, we focus on the impurity problem

where we have one # particle at position x0 and N "
particles at positions xi with 1  i  N . In this case,
we have N eigenstates with spin S = Sz = (N � 1)/2, in
addition to the ferromagnetic state.

III. GROUND-STATE MANIFOLD IN THE
TONKS-GIRARDEAU LIMIT

To construct the wavefunctions with S = Sz = N�1
2

in the ground-state manifold in the TG limit, it is useful
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written as E ' E0 � C/g, where C is the 1D contact
density [30–32]. From the Hellmann-Feynman theorem,
we then obtain
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This quantity can be non-zero due to the presence of
cusps in the basis functions. Note that @�0
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therefore we must always have H0
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n0 = 0. This
further implies that �0 is an eigenstate with C = 0, as
expected.
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where Cl ⌘ h l|H0| li is the contact coe�cient corre-
sponding to the state  l. Note that all the eigenstates
for N  2 are uniquely determined by the two symme-
tries of parity and spin, so that the ratios of Cl in the
above and the general structure of the wavefunctions in
Eq. (5) hold for any confining potential that preserves
parity and spin. However, these symmetries alone are
not su�cient once N > 2 and therefore N = 3 will pro-
vide a non-trivial test of our ansatz. In this case, the
coe�cients of H0 may still be evaluated analytically, but
the form of these is su�ciently complicated that we rele-
gate these to Appendix B. It is important to emphasize,
though, that we have determined all the eigenstates and
contact coe�cients analytically. For N � 4 we resort to a
numerical evaluation of the matrix elements of H0 which
may be calculated e�ciently as outlined in Appendix C.

For N = 3, we obtain the normalized wavefunctions
(with cumbersome expressions converted into numerical
coe�cients for brevity):

N = 3 :  0 = �0,

 1 =

r
1

5
(1.00188�1 � 0.00941221�3),

 2 =
1

2
(�0 � �2),

 3 =

r
1

20
(0.992463�1 � 4.99996�3). (11)

while the contact coe�cients are

N = 3 :

0

B@

C0
C1
C2
C3

1

CA = 1.18067

0

B@

0
1.00305
3.02818

6

1

CA . (12)

These contact coe�cients determine the energy splittiing
shown Fig. 1 and they agree with those obtained numer-
ically in Ref. [11].
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Figure 2. Wavefunction overlaps for majority particle num-
bers N  8. For the ferromagnetic state with l = 0, this
always equals 1. Additionally, we show with red (blue) dots
the wavefunction overlaps with the exact states for the state
 ̃1 (ground state  ̃N ). Note that these are identical for N = 2
and 3. The extrapolations (dashed lines) are least-squares fits
of the data points to cubic polynomials. Inset: The wavefunc-
tion overlap of Girardeau’s proposed state [21] with the exact
ground state.

If we instead apply our ansatz, we find the states

N = 3 :  ̃0 = �0,  ̃1 =

r
1

5
�1,  ̃2 =

1

2
(�0 � �2),

 ̃3 =

r
1

20
(�1 � 5�3). (13)

These are identical to the wavefunctions obtained nu-
merically in Ref. [9]. Remarkably, we see that there is

3

to define the complete (but not orthogonal) set of basis
functions involving �0 =  0(x) and the N states:

�l =  0(x)
X

1i1<···<ilN

si1 · · · sil , 1  l  N, (4)

where si ⌘ sign(xi0). For simplicity of notation we omit
the dependence of �l on the coordinates. Each sign func-
tion simply replaces a zero-crossing with a cusp in the
wavefunction at the position where the impurity meets a
majority atom (xi0 = 0). As an example, for N = 2 we
have basis functions:

�0 = N2 x12x01x02 e�(x
2
0+x2

1+x2
2)/2,

�1 = N2 x12 (|x01|x02 + x01|x02|) e�(x
2
0+x2

1+x2
2)/2,

�2 = N2 x12|x01x02| e�(x
2
0+x2

1+x2
2)/2.

The basis functions are clearly degenerate with the fer-
romagnetic state (2) since the interaction energy van-
ishes while the energy of motion in the harmonic po-
tential is the same for all �l. The latter can be shown
by noting that for any ordering of the particles (say
x0 < xi < ... < xN ) we have �l / �0. Any eigenstate
in the ground-state manifold will thus be a linear combi-
nation of �l with the same parity — note that the basis
functions (4) are of alternating parity and the eigenstates
themselves must have a definite parity since the Hamil-
tonian is invariant under parity transformations.

An important question concerns the nature of the sys-
tem away from the TG limit, i.e., we wish to know the
wavefunctions and energies perturbatively in the small
parameter 1/g. This allows one to uniquely define the
eigenstates as being those that are adiabatically con-
nected to the states at finite g. However, before we pro-
ceed with the degenerate perturbation theory in Sec. IV,
it is instructive to consider the structure of the exact
eigenstates  j for N = 1 [29] and N = 2 [20],

N = 1 :  0 = �0,  1 = �1,

N = 2 :  0 = �0,  1 =

r
3

8
�1,  2 =

r
1

8
(�0 � 3�2).

(5)

The subscripts on the wavefunctions order these in terms
of decreasing energy for small but positive 1/g. Referring
to Fig. 1 and focussing on the repulsive case g > 0, we see
that the ferromagnetic state  0 has the maximum energy
within the manifold [22], while the ground state  N has
the lowest total spin, i.e., S = Sz, in accordance with
the Lieb-Mattis theorem [28]. Physically, allowing cusps
in the wavefunction naturally leads to a lower energy, as
these may be easily relaxed at finite repulsion. Indeed
we see two patterns emerging:  1 contains only states
with one cusp, and only the ground state  N contains
the state with the maximal number of cusps. These ob-
servations suggest that the system may lower its energy
by successively acquiring more cusps in the wavefunction.

Inspired by the above considerations, we now propose
the following ansatz for the eigenstates of the ground-
state manifold in the vicinity of the TG limit:

• For any N , the exact wavefunction  j essentially

corresponds to  ̃j, a superposition of the basis func-

tions �i restricted to i  j.

In other words, the wavefunctions may be obtained by
a Gram-Schmidt orthogonalization scheme on the set of
basis functions {�j}. This ansatz and the remarkable
degree to which it is accurate for the harmonic potential
is a central result of this paper.
In general, the Gram-Schmidt procedure as outlined

above can be performed straightforwardly even for large
N by noting that the inner products of the basis functions
(4), �ln ⌘ h�l|�ni, may be calculated combinatorially:

�ln =
1

N + 1

NX

i=0

"
lX

k1=0

(�1)k1

✓
i
k1

◆✓
N � i
l � k1

◆#

⇥
"

nX

k2=0

(�1)k2

✓
i
k2

◆✓
N � i
n� k2

◆#
. (6)

The proof is outlined in Appendix A. We also note that
the matrix � is bisymmetric, i.e. �ln = �nl = �N�l,N�n.
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Figure 1. Energy levels in the vicinity of the Tonks-Girardeau
limit for one # particle and N = 3 " particles. We display the
exact energies h l|H| li (red) and the result of our ansatzD
 ̃l

���H
��� ̃l

E
(blue), both to order 1/g. For g < 0, there is also

a two-body bound state at negative energies which we do not
show.

IV. PERTURBATION THEORY AROUND THE
TONKS-GIRARDEAU LIMIT

To demonstrate the accuracy of our ansatz, we now
turn to the explicit solution of the Schrödinger equation
in the vicinity of the TG limit. Here the energy can be
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to Fig. 1 and focussing on the repulsive case g > 0, we see
that the ferromagnetic state  0 has the maximum energy
within the manifold [22], while the ground state  N has
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in the wavefunction naturally leads to a lower energy, as
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we see two patterns emerging:  1 contains only states
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servations suggest that the system may lower its energy
by successively acquiring more cusps in the wavefunction.
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• For any N , the exact wavefunction  j essentially

corresponds to  ̃j, a superposition of the basis func-

tions �i restricted to i  j.

In other words, the wavefunctions may be obtained by
a Gram-Schmidt orthogonalization scheme on the set of
basis functions {�j}. This ansatz and the remarkable
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is a central result of this paper.
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(4), �ln ⌘ h�l|�ni, may be calculated combinatorially:

�ln =
1

N + 1

NX

i=0

"
lX

k1=0

(�1)k1

✓
i
k1

◆✓
N � i
l � k1

◆#

⇥
"

nX

k2=0

(�1)k2

✓
i
k2

◆✓
N � i
n� k2

◆#
. (6)

The proof is outlined in Appendix A. We also note that
the matrix � is bisymmetric, i.e. �ln = �nl = �N�l,N�n.

0 1
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a two-body bound state at negative energies which we do not
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IV. PERTURBATION THEORY AROUND THE
TONKS-GIRARDEAU LIMIT

To demonstrate the accuracy of our ansatz, we now
turn to the explicit solution of the Schrödinger equation
in the vicinity of the TG limit. Here the energy can be

repulsiveattractive (bound state not shown)

We compare with exact numerics for N≤8 and find that all 
overlaps exceed 0.9997. The ansatz is essentially an exact 
solution to the problem.  

Overlaps between exact and ansatz states for the highest 
energy states (l=0 and l=1), and the ground state (l=N). 
Inset: Comparison with Girardeau’s proposed ground state

Spectrum
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a minute di↵erence between our proposed wavefunctions
 ̃1 and  ̃3 in Eq. (13) and the exact result (11), rendering
our orthogonalization scheme non-exact.

We now discuss the degree to which our ansatz for
the eigenstates may still be useful. A natural measure
of its validity is the wavefunction overlap |h l|  ̃li| be-
tween the exact eigenstates  l and our proposed ones
 ̃l. Writing the wavefunctions as  l =

PN
n=0 Lln�n and

 ̃l =
PN

n=0 L̃ln�n, the overlap is simply |(L̃�LT )ll|. For
the two non-exact states with N = 3 discussed above, we
then find this quantity to be 0.999993, where we remind
the reader that this is a numerical value of an analytic
result (see Appendix B). In general, for all states up to
N = 8, we find that the overlap exceeds 0.9997, with the
error being largest for the states “intermediate” between
the ferromagnetic state  0 and the ground state  N for
positive g. In Fig. 2, we illustrate the wavefunction over-
laps for the states  ̃1 and  ̃N : quite remarkably we see
that these always exceed 0.99994. In particular, the over-
lap in the ground state appears to extrapolate to a value
⇠ 0.9999 as N ! 1. This demonstrates that our ansatz
is essentially indistinguishable from “numerically exact”
methods as we approach the many-body limit.

Of particular interest is the state  N , which is con-
tinuously connected with the ground state in the limit
of weak repulsive interactions. Girardeau proposed [21]
that this state is simply given by the state with the max-
imum number of cusps inserted, i.e.,  G = �N . We have
seen that this cannot be correct in the present case of a
harmonic oscillator: already, for N = 2, this wavefunc-
tion is not orthogonal to the ferromagnetic eigenfunction
 0 — see Eq. (5). However, Girardeau’s idea is similar in
spirit to our ansatz proposed above, so a pertinent ques-
tion is how well this wavefunction performs. As shown in
the inset of Fig. 2, the overlap of Girardeau’s proposed
state with the exact ground state is 76% for N = 8, and
it most likely tends to zero as N ! 1. Thus, our ansatz
is a significant improvement compared to previous pro-
prosals for the ground-state wavefunction.

We now turn to the contact coe�cients that determine
the N + 1 energy levels in the ground state manifold,
i.e., the splitting of the spectrum at finite coupling. In
Fig. 3 we show how the energy, in fact, takes the following
approximate form

El ' E0 � CN
g

l(l + 1)

N(N + 1)
. (14)

Comparing with Eqs. (9), (10) and (12), we see that this
expression is exact for N = 1 and 2 while it is only ap-
proximate for N = 3. For N  8, the largest error in
this expression is 3.0%. As we show in the following,
the spectrum (14) is intimately linked with the e↵ective
Hamiltonian within which our ansatz is exact.
energy shift in the higher manifolds

1 2 3 4 5 6 7 8

1

3

6

10
15
21
28
36

Figure 3. The contact coe�cients (blue dots) of the exact
eigenstates  l in the Tonks-Girardeau regime, illustrating the
splitting of the energy levels at finite but large coupling. The
gray lines are guides to the eye, representing the approximate
relationship (14).

V. EFFECTIVE HEISENBERG MODEL

In the limit g ! 1, the system e↵ectively consists of
impenetrable particles since the wavefunction must van-
ish when two particles approach each other. Thus, if
the particles are placed in a particular order, then they
should retain that ordering as long as the repulsion is
infinite. This allows us to consider the system in the TG
limit as a discrete lattice, where the particle furthest to
the left is at site i = 0, the next particle is at site i = 1
and so on. A small but finite value of 1/g allows neigh-
boring particles to exchange position and this changes
the configuration of spins in the lattice if di↵erent spins,
" and # are exchanged. This thus introduces an e↵ective
nearest neighbor spin interaction,
We thus write the Hamiltonian in the position basis as

H = EF +
CN
g

"
N�1X

i=0

JiS
i · Si+1 � 1

4

N�1X

i=0

Ji

#
, (15)

where Ji is the nearest neighbour exchange constant,
while ĉ†i and ĉi are creation and annihilation operators
for the impurity at site i. We normalize the states such
that h#i| #ji = �ij . The Hamiltonian (15) is valid to lin-
ear order in 1/g. Such a spin model was also considered
in Ref. [11].
To evaluate the perturbation H0 in the basis of the

position of the impurity, we use the mapping of the func-
tions Eq. (4):

h#i|�li = 1p
N + 1

lX

k=0

(�1)k
✓

i
k

◆✓
N � i
l � k

◆
, (16)

see Eq. (A1). This transformation enables a one-to-one
mapping between the two complete bases. The pertur-

The energy of the l’th state in the vicinity of the TG limit is 

El ' E0 � Cl/g

We also find that the ground state contact coefficient is 
consistent with McGuire’s Bethe ansatz solution, properly 
generalized to the harmonic potential [5] using LDA

In the limit g→∞, the system effectively consists of 
impenetrable particles since the wavefunction must vanish 
when two particles approach each other. This allows us to 
consider the system in the TG limit as an effective lattice, 
with the particle to the left at site i = 0, and so on. A small 
finite value of 1/g introduces an effective nearest neighbor 
spin interaction, governed by a Heisenberg XXX model [6,7]

We find a spectrum reminiscent of the L2 angular momentum 
operator: 

Cl ⇡ CN
l(l + 1)

N(N + 1)

• We solve this model analytically for any N, the solutions 
being the discrete Chebyshev polynomials. The ground 
state takes the form of a sign-alternating Pascal’s triangle:

• We solved for all wavefunctions in the ground state 
manifold of a single ↓ particle strongly interacting with 
N ↑ fermions in an essentially combinatorial manner. 
Our ansatz has wavefunction overlaps very close to 1. 

• The Heisenberg spin chain is valid for any N↑, N↓, and 
can be extended to 2-component bosons 

• The harmonically trapped strongly-interacting Bose gas 
appears ideally suited for the realisation of quantum 
magnetic phases.

�0 =

+ +�1 =

+ +�2 =

�3 =

Illustration of the ground state manifold for N=3 (red=ansatz, 
blue=exact numerics):

For any N, the l’th wavefunction is a superposition 
of basis functions with at most l cusps inserted

• Allowing cusps in the wavefunction leads to a lower 
energy, as these may be easily relaxed at finite repulsion. 

• The eigenstates can be found through Gram-Schmidt 
orthogonalization on the set of basis states. This procedure 
is easily carried out, as it is essentially combinatorial.

Comparison with exact numerics
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bation evaluated in the position basis is then simply

h#i|H0 |#ji =
NX

l=0

NX

n=0

h#i| lih l|H0| nih n |#ji . (17)
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Figure 4. Illustration of the nearest-neighbour exchange con-
stants (18) of the Hamiltonian (15) forN = 100. We also show
the ground state wavefunction (in arbitrary units) within our
approximation scheme, Eq. (22) (green dots).

we should probably mention that the exact model has
the form 17 It turns out that, owing to the combinatorial
nature of our approximation scheme, within the scheme
we may evaluate the exchange constants for an arbitrarily

large number of particles. This requires approximating
h ̃l|H0| ̃ni = CN l(l+1)

N(N+1)�ln, see Eq. (14), which we find is
the only form of the spectrum which yields a Hamiltonian
with only nearest neighbour interactions, i.e. of the form
(15). The result is

Ji =
� �

i� N�1
2

�2
+ 1

4 (N + 1)2

N(N + 1)/2
, (18)

which takes the form of an inverted parabola (with a
constant shift), and is thus reminiscent of the real space
harmonic oscillator potential (see Fig. 4). The form of
the coe�cients means that the impurity at small positive
1/g may minimize its energy by occupying primarily the
center of the spin chain, while alternating the sign of the
wavefunction on the di↵erent sites. This may be com-
pared with the fermionized wavefunction, which has the
opposite behavior:

| 0i = 1p
N + 1

NX

i=0

|#ii . (19)

As expected, this wavefunction provides an equal proba-
bility of the impurity occupying any of the N + 1 sites.
The sign change of the real-space wavefunction under
exchange of the impurity and a majority particle is re-
covered upon a change of basis back to real-space coor-
dinates.

The mapping to a single particle moving in a spin chain
with the coe�cients of the Hamiltonian (15) given by
Eq. (18) is exact for N = 1 and N = 2, while it is ap-
proximate for larger N . In particular, for N = 3 our
approximation yields

0

@
J0
J1
J2

1

A =
1

2

0

@
1

4/3
1

1

A , (20)

which should be compared with the exact result
0

@
J0
J1
J2

1

A =
1

2

0

@
1.009
1.325
1.009

1

A , (21)

see Appendix B. The error on the coe�cients is thus
less than 1%. For larger N  8 we find that the error
on the coe�cients at the central sites remains small .
0.3%, while only the error at the edges of the spin chain
is appreciable . 5%. However, as we shall see below,
at small positive 1/g the ground state wavefunction is
negligible at the edges of the chain, so the error in this
region has little impact on its bulk properties.
Surprisingly, our e↵ective Heisenberg model (15) with

coe�cients given by Eq. (18) allows us to evaluate the
ground state wavefunction at small positive 1/g for any

N . It is simply given by

��� ̃N

E
=

✓
2N
N

◆�1/2 NX

i=0

(�1)i
✓

N
i

◆
|#ii , (22)

as may be verified by direct application of the Hamil-
tonian (15). Thus, in the spin chain, the ground state
wavefunction is simply a (sign-alternating) Pascal’s tri-
angle. Note that, in real space, this wavefunction does
not change sign under the exchange of the impurity with
a majority particle. The probability distribution of the
impurity in the ground state, PN (i) = |h#i | N i|2, is then
approximately

PN (i) =

✓
2N
N

◆�1 ✓
N
i

◆2

. (23)

This prediction is dramatically di↵erent from the con-
stant probability distribution PG(i) =

1
N+1 predicted by

Girardeau’s proposed ground state, which in the spin-
chain model takes the form | Gi = 1p

N+1

PN
i=0(�1)i |ii.

Indeed, we see that |h ̃N | Gi|2 ⇡ p
⇡/N as N ! 1.

We also note that

��� ̃1

E
=

2
p
3p

(N + 1)3 � (N + 1)

NX

i=0

(i�N/2) |#ii , (24)

which illustrates that the wavefunction develops a zero-
crossing in the position basis. Indeed, in general we find
that the l’th state has l zero-crossings.

• Within our ansatz we evaluate the exchange coefficients 
combinatorially for any N

• For N→∞ we evaluate the probability distribution of the 
impurity atom in the ground state using LDA. This is almost 
the same as in the non-interacting case:

g = 1 g = 0

P (x0) / e

�8x2
0/⇡

2
P (x0) / e

�x

2
0

Two-component bosons

��� ̃N

E
/

NX

i=0

(�1)iSi
� |" · · · "i

The upper branch of harmonically trapped two-component 
bosons with near-resonant intra- and interparticle 
interactions is described by the XXZ model, the coefficients 
of which may be determined with the fermionic ansatz
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• This has both possible ferromagnetic (FM) and antiferro-
magnetic (AFM) ground states 

H =
N�1X

i=1

⌘
i

⇥
J?(Sx

i

Sx

i+1 + Sy

i

Sy

i+1) + JzSz

i

Sz

i+1

⇤

The upper branch ground 
state. In the hatched region 
this is the actual ground 
state.

• We find clear evidence of a 1st order FM phase transition 
via emergence of kinks in the energy even for few particles

Egs = E0 � Cgs/g

sin� = g/g"# ⌘ J?

cos� = g/g"# � g/g"" ⌘ Jz

Black: extrapolation 
to thermodyn. limit 
Green: Lieb-Liniger 
solution (diamond) 
extended to whole 
FM region

Pascal

• As opposed to the Fermi gas, one can adiabatically tune 
between the phases - in particular to the analogue of 
itinerant electron ferromagnetism

Trap-averaged magnetic 
correlation function

Near degeneracy of  ground 
and 1st excited states �̄ =

X

i

⌦
�z
i �

z
i+1

↵

N � 2


